
DISCUSSION NOTES:Week 8 CSE105 Spring 23

Agenta:4.13, 4.17, 4.18, 4.21, 4.24 from Sipser.

# A =ECR,S]!Res are regular expre LIR)? L(S)3.

Show thatA is decitable. [S] L(s)

S:((R)? (CS) <> ((R) n [ts) = ((R)

Constructdecider X as follows:

A ="On input(Ris), where RCS are regular expre-

1.Construct DFA'P'S.+ ((p)=L(s>
2.Construct DFA & S.T (LA) =LP> &LCR)

3.Run the Turing Machine't' on input Cab,
Where I decides EDFA

4.If I accepts, accept. If I rejects, reject.
>I

X is a deciter because T is a decider. Also, X accepts

[R,s> iff ((R) n LEs) =0is X accepts (Ris] iff L(R) <L(S).

& rejects otherwise.:.X fecites A, so A is fecitable.

↳7 prove that ERDFA is decitable by testing the 2 DFAS

on all strings up toa certain length. Also calculate a

length that works.

&

Claim:If A 2B are DFAs, then LA)= LB) iff A 2 B

acceptthe same strings up tolength mn, where

m is the states in A & n is the # states in B.

An alternate way to state this claim:(IA) FL(B) - A&

Bdiffer on some string isof length At most mn.



Pt:Let'sbe the shorteststring on which A&B differ

Live A rejects & B accepts or vice versal.

Let l =1t1.

Suppose towords contradiction, thatl>mn.

LetGo, a,, 92, .... as be the sequence of states that A

enters on input to

Letbo,bi, b2, .... be be the sequence of states that B

enters on input to

Since Ahas a states, B has a states, there are only
mo distinctpairs ofthe form (a,b) where a is a state of A

& b is a state of B.

However, there are let pairs of the form (ai, bi) 2

by our assumption, l>mn, so IH > ma.

By the pigeonhole principle 7i,j(hi,bi)
=(aj, bj). (which

means thatai =a; & bi =bj).

Notice that if you remove, from t, the substring from

position i toposition j-1, you geta string (say t's

such that:

(a) Itl < 1t1

i.e A &Bbehave the
(b) Aaccepts t'iff Aaccepts t 23 same way on tas
Baccepte t'iff B acceptst they to on to

:We have a found a string t', shorter than t, on

which A CB differ. But this contradicts the fact that

t is the shorteststring on which A 2 differ. Since each

step followed logically from previous steps, our hypothesis



mustbe false.
:= mr.

.ERDFAcan be decided by testing the 2 DFAs on all

strings up tolength mn.

↳ Show thata language C is Turing - recognizable if
ID, a fecitable language, such that

c =2x(7y,(x,y) = D3.

So: We need to prove both directions.

(a) Suppose that D exists- I is decided by some tim P.

Build a T.M R = "On input X,

1. For each y
=[*

2. Run P on input(X,Y3
3. If I accepts, accepts."

Clearly & recognizes C, because if some inputXt C, then

by such that (XIY) tD. Such a 'y' will be found in

some finite number of steps. However if XIC, then

& Goes not halt.

:If Idecidable D such that C=[X17y, 4,4) ED3, then

C is Turing - recognizable.

(b) Suppose that C is recognizable, 2 7 T.m inrecognizing c

Define D =[(x,4) 1M accepts Xwithinlyl steps 3.

for every x = c, 5K such thatMaccepts Xin k

steps. Suppose y = E*& (4=K, then (x,43tD.



However, for every XC, no such a exists. (Since M

will not accept x).

..c =2x 1 zy,(x,y) = D3

↳Also, D is recitable because on input (x,4), a leciter for b

would justhave to run M on inputX for 4 steps, accepting

if accepts& rejecting otherwise)

2 S =ELM)/M is a DFA that accepts wwhenever it

accepts w3. Show that S is becitable.

81:If Ais a language, let AR= [WRIwEA3.

Observation:if (in) es, then L(m)=L(m>4.

ConstructT.M T:"On input(M), where M is a DFA

1. ConstructDFA 'N' recognizing ((m)R.
(To to this, first constructan NFAthat

recognizes ((m)2. This can be done with

the following steps:

(a) keep the same states as in M, &

reverse the directions of all transitions
in M.

(b) Setthe new acceptstate tobe the start

State of M.
(2) Introduce a new start state (say 90) &
attt-transitions from 90 to

every
acceptstate of M.

This NFA can then be converted toa DFA)

2. Run TimF on input (MIN), where F

decides ERGFA. If I accepts, accept. If F

rejects, reject.
"



Clearly,I halls on every input (because
Iis a

feciter), and I only accepts (m) if ((m)
=((m)R.

:T fecitess, so S is decitable.

&Define a useless Statein a PDA to be a state that

is never entered on any input string.

Let S = <<p> 1 P is a PDA with useless states.3.

prove that S is decibable.

&

ConstructT.MT =

"On input (P), where I is a PDA

1. For each state q of P

2. Modify P so that a is the only acceptstate.

Clet this modified PDA be denotes as PY.

3. Run T.M F on input (P), where I decides

EPDA. If Iaccepts, accept. Else, continue.

4. All states have been identified as NOTuseless, so

reject."

If a state (9) is NOTuseless, then it is reachable from the

start state, so by making a the only accept state, there

mustbe some string accepted by the modified PDA. So, if

Itells us that IP belongs toEPPA.(meaning ((P1) =4),

then a mustbe useless, so ACCEPT. If all states have

been checked & I hasn'tyet accepted, then reject.



T is a feciter because ithallson every input at decides

S, so I is decitable.


