
DISCUSSION WEEK9 CSF105 SPRING'23

Agenta:5.4, 5.5, 5.6, 5.7, 5.10, 5.16 (Sipser)

(5.4) If AIm B & B is regular, does thatimply A is

regular?Why I Why not?

No.Suppose A =S0(nc,03, B= 30,13.

Consider the following reduction:

F ="On input X

1. If X is of theform on, output o

2. Else output 00 "

I defines a computable function,& for any X,

f(x) = B ifx=A.But Ais not regular.

(5.5) show that Arm is notmapping reducible to Eim;i.e

no computable function reduces Aim to Erm.

Assume, towards contradiction, that Arm - Erm.
via some reduction fo

We already brow

(a) Erm is co-recognizable (Em is recognizable)

(b) Arm is recognizablebut notrecitable.

(since tm is not recognizable)



By the definition of mapping reducibility, we
also have

() Fm Erm via the same reduction fo

From (C) & (a), we get in isrecognizable (Th. 5.28

Sipser)
But this contratists (b): If Arm is recognizable &

Am is recognizable. Arm is decidable (which we know

is not true).

:Arm is not mapping reducible to Eim

55.6) Show that Im is a transitive relation.

suppose there exist A, B, C such that

A Im B via computable function f 2

B Im C via computable function g.

Wit.s I some computable function h such that

AEnC via h.

Build a Tim thatcomputes it as follows:
H: "On input

1. Simulate a tim for f on inputX. Call the

output y (y =f(x))

2. Simulate a tim for go on input yo
3. Output g(y) (i.e g(f(x)))"

-



Clearly h(H) =g(f(x)), o h is a computable fur
Also, Xt AS f(x) t B

f(x) =B ( g(f(x) t c

:. x A g2f(x)) = c i.eh(x) = c
:AIm C via h.

(5.7) S.5 if Ais Turing-recognizable & A m A, then

Ais recitable.

Suppose AIn E via computable function fo
Then, A Im A via the same fo

A is recognizable, so by the 5.28, Ais also

recognizable.

Ais recognizable & E isrecognizable, so A is

decidable.

5.10) consider the problem of determining whether a a-tape
TM ever writes a non-blank symbol on its second tape
when run on input no. Formulate this problem as a

language a show that itis undecitable.



LetB = 3 (m, w)/ M is a z-tape tom that writes a

non-blank symbol on itssecond tape when
it is run on input 13

To show B is unfecitable, we demonstrate a

mapping reduction from Aim to B.

Want,computable function of such that on inputX:

(a) If X is of the form (m, 10) where M is a Tim

that acceptsw, then f(x) =<m", no's such that

(m", w's EB

(b) If Xis of the form (m.w) & M is a Tim that

does notacceptN, OR if Xis not of the form
(m,w), then f(x) =< n, w1) such that (n1,w'EB.

Construct Tim Fthat computes of as follows:

F ="On inputX

1. Type check whether X =(1,2) for some time on

& string wo. If so, go to step 2. If not,

constructa 2-tape Tim Mxas follows:

Mx ="On input y

1. Do nothing".

Output [Mx, t).



C-tape
2. Construct themachine my as follows:

M1 ="On input y

1. Ignore Y.

2. Simulate M on inputWusing the
first tape.

3.If accepts, write a non-blank

symbol onto the second tape 2

accept."

Output (M1, e)."

Observe that if X=<M,w) c Arm, then fly) is

[Mx', E), and My writes a non-blank symbol
on itssecond tape on inputt, because m

accepts w;:.f(x) t B.

However, ifX =(m,w) Arm then Meither

loops on or rejects w, in which case f(x)=
(mx. 2) Where my does not write a non-

blank symbol on itssecond tape, so

f(x) B.
When X doesn't type check. f(x) =(nx, c)

#is because Mx does nothing & so does not write

a non-blank symbol on itssecond tape.



:Arm En B via f. Using corollary 5.23,
Since Arm is undecidable, I isundecidable.

(5.16) Let =20,1,43 be the tape alphabet for all trus

in thisproblem. Define
the busy beaver In

BB:N- was follows:
For each REN, consider all R-state TMs that

half when starter with a blank tape.
BB(K) is the max. # Is that remain on the

tape among all such time.

show that BB is notcomputable.

Idea: Proofby contradiction. If BB is computable
then Aim is decidable. Suppose that some im F

computes BB.
Built a deciber D for Aim as follows:

D ="On input (m, w>

1. ConstructT.M Mw as follows:
Mw= "on inputX

1. Ignore X.

2. Simulate Mon w, keep a count (C) ofthe
A steps used in the simulation

3. If a when is halts, write c Is on the tape,
& halt."



2. Use F to compute BBCK), R=# states in mw.

3.Run Mon w for BBCK) steps

4. If accepts, accept,else reject.
"

Proof that D fecites Atm:

7) suppose input(m,w) G Arm:

(2) This means M acceptswin some #steps (say'a's.
(b) So, Mw hallwhen started with a blank tape, a

writes: Is on its tape.
(2) BBCR) >C by definition, since R =#states of Mr.

(d) D runs m on no for BBCK) steps, IM acceptswin

c ([BB(K)) steps,:.D sees this& accepts (m,203.

(2) Suppose input (m, w3* Atm

(a) Irrespective of BBCK), there is no a such thatar

accepts to in a steps.

(b) So, D rejects (m,w).

:D fecites Arm,which is a contradiction.

:BB is not computable.


